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Abstract
We provide a geometric realization of the crystal B(∞) for quantum generalized Kac–Moody algebras
in terms of the irreducible components of certain Lagrangian subvarieties in the representation spaces of a
quiver.
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0. Introduction
There is a well-known and very fruitful interaction between the structure theory of quantum
groups on the one hand and the geometry of quiver representations on the other. In the late 80’s,
Ringel realized the positive part U+q (g) of the quantized enveloping algebra of a Kac–Moody
algebra g in the Hall algebra of any quiver whose underlying graph is the Dynkin diagram of
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S.-J. Kang et al. / Advances in Mathematics 222 (2009) 996–1015 997g [18]. This was soon followed by Lusztig’s geometric construction of the canonical basis B
for U+q (g) in terms of simple perverse sheaves on the moduli spaces Mα of representations of
quivers [13]. The combinatorial structure of this canonical basis is encoded in a colored graph
B(∞), the crystal graph of U−q (g), whose vertices are the elements of B [9].
By studying the cotangent geometry of Mα , Kashiwara and Saito later gave a geometric con-
struction of the crystal graph B(∞) [11]. More precisely, they considered a certain Lagrangian
subvariety Nα ⊂ T ∗Mα (first introduced in [14]) and built a graph B whose vertices are the
irreducible components of
⊔
α Nα and whose arrows correspond to various generic fibrations
between irreducible components of Nα for different values of α. Using a combinatorial char-
acterization of B(∞) in terms of tensor products with elementary crystals, the authors of [11]
identified B with B(∞). This work was later generalized by Saito who realized the crystals of
all highest weight integrable representations using Lagrangian subvarieties in Nakajima’s quiver
varieties (see [17,19]).
In another direction, Borcherds was led in his study of the Moonshine and the Monster group
to consider a new class of infinite-dimensional Lie algebras, now called the generalized Kac–
Moody algebras [1]. Although similar to Kac–Moody algebras in several respects, generalized
Kac–Moody algebras allow for imaginary simple roots and play an important role in several
different areas of mathematics (see, for example, [1–3,7,16]). The notion of the quantized en-
veloping algebra of a generalized Kac–Moody algebra g was defined in [6]. Several important
structural properties of quantum groups were shown to exist also in this generalized setting. For
instance, the integrable highest weight modules over g can be deformed to those over Uq(g) in
such a way that the dimensions of weight spaces are invariant under the deformation.
In [4], the crystal basis theory was developed for quantum generalized Kac–Moody algebras
and in [5], the notion of abstract crystals was introduced. Moreover, in [5], the authors proved a
crystal embedding theorem and gave a characterization of the highest weight crystals B(∞) and
B(λ) for quantum generalized Kac–Moody algebras.
This paper is part of the project to extend the approach based on the geometry of quiver
representations to the case of generalized Kac–Moody algebras and their quantized enveloping
algebras. A (partly conjectural) geometric construction of the canonical basis B of U+q (g) for an
(even) generalized Kac–Moody algebra g was given in [8] (see also [15] and [12]). At the level
of quivers, moving from Kac–Moody algebras to generalized Kac–Moody algebras means that
one must now consider the quivers with edge loops and semisimple rather than simple perverse
sheaves. In the present work, we provide an analogue of the construction in [11] of the crystal
B(∞). Namely, we consider a certain Lagrangian subvariety Nα ⊂ T ∗Mα , and build a crystal
graph out of its irreducible components and generic fibrations among them. The noticeable dif-
ference with [11] is that the fibrations in question correspond, at the level of the representation
theory of quivers, to extensions by non-rigid simple objects; i.e., the objects with non-vanishing
self Ext1-typically a simple object sitting at a vertex with edge loops. We get around this diffi-
culty by restricting our Lagrangian variety to the cotangent bundle of a certain open subset of
Mα by imposing that certain arrows are regular semisimple (see Section 2).
The paper is organized as follows. In Section 1, we recall various definitions and results per-
taining to the crystal basis theory for quantum generalized Kac–Moody algebras as developed
in [5]. In particular, we recall the characterization of the crystal B(∞) in terms of strict crystal
embeddings B(∞) → B(∞) ⊗ Bi for i ∈ I (see Theorem 1.7). Sections 2 and 3 are devoted
to the definition and study of the Lagrangian variety Nα . The crystal structure on the set B of
irreducible components of
⊔ Nα is described in Section 3 (see Theorem 3.5). Finally, in Sec-α
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B → B ⊗Bi for all i ∈ I (see Theorem 4.4).
1. Abstract crystals
Let I be a finite or countably infinite index set and let A = (aij )i,j∈I be a symmetric even
integral Borcherds–Cartan matrix. That is, A satisfies: (i) aii ∈ {2,0,−2,−4, . . .} for all i ∈ I ,
(ii) aij = aji ∈ Z0 for i 	= j . We say that an index i ∈ I is real if aii = 2 and imaginary if
aii  0. We denote by I re = {i ∈ I ; aii = 2} and I im = {i ∈ I ; aii  0} the set of real indices
and the set of imaginary indices, respectively.
A Borcherds–Cartan datum (A,P,Π,Π∨) consists of
(i) a Borcherds–Cartan matrix A = (aij )i,j∈I ,
(ii) a free abelian group P , the weight lattice,
(iii) Π = {αi ∈ P ; i ∈ I }, the set of simple roots,
(iv) Π∨ = {hi; i ∈ I } ⊂ P∨ := Hom(P,Z), the set of simple coroots
satisfying the following properties:
(a) 〈hi,αj 〉 = aij for all i, j ∈ I ,
(b) Π is linearly independent,
(c) for any i ∈ I , there exists Λi ∈ P such that 〈hj ,Λi〉 = δij for all j ∈ I .
We use the notation Q =⊕i∈I Zαi and Q+ =∑i∈I Z0αi .
Let q be an indeterminate. For an integer n ∈ Z, define
[n] = q
n − q−n
q − q−1 , [n]! =
n∏
k=1
[k],
[
m
n
]
= [m]![n]![m− n]! .
For a Borcherds–Cartan datum (A,P,Π,Π∨), the quantum generalized Kac–Moody algebra
Uq(g) is defined to be the associated algebra over Q(q) with 1 generated by the elements ei , fi
(i ∈ I ), qh (h ∈ P∨) subject to the defining relations:
q0 = 1, qhqh′ = qh+h′ for h,h′ ∈ P∨,
qheiq
−h = qαi(h)ei, qhfiq−h = q−αi(h)fi for h ∈ P∨, i ∈ I ,
eifj − fj ei = δij Ki −K
−1
i
q − q−1 for i, j ∈ I, where Ki = q
hi ,
1−aij∑
k=0
(−1)k
[
1 − aij
k
]
e
1−aij−k
i ej e
k
i = 0 if i ∈ I re and i 	= j ,
1−aij∑
k=0
(−1)k
[
1 − aij
k
]
f
1−aij−k
i fjf
k
i = 0 if i ∈ I re and i 	= j ,
eiej − ej ei = fifj − fjfi = 0 if aij = 0. (1.1)
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We recall the notion of abstract crystals for quantum generalized Kac–Moody algebras intro-
duced in [5].
Definition 1.1. An abstract Uq(g)-crystal or simply a crystal is a set B together with the maps
wt :B → P , e˜i , f˜i :B → B unionsq {0} and εi, ϕi :B → Z unionsq {−∞} (i ∈ I ) satisfying the following
conditions:
(i) wt(e˜ib) = wtb + αi if i ∈ I and e˜ib 	= 0,
(ii) wt(f˜ib) = wtb − αi if i ∈ I and f˜ib 	= 0,
(iii) for any i ∈ I and b ∈ B , ϕi(b) = εi(b)+ 〈hi,wtb〉,
(iv) for any i ∈ I and b, b′ ∈ B , f˜ib = b′ if and only if b = e˜ib′,
(v) for any i ∈ I and b ∈ B such that e˜ib 	= 0, we have
(a) εi(e˜ib) = εi(b)− 1, ϕi(e˜ib) = ϕi(b)+ 1 if i ∈ I re,
(b) εi(e˜ib) = εi(b), ϕi(e˜ib) = ϕi(b)+ aii if i ∈ I im,
(vi) for any i ∈ I and b ∈ B such that f˜ib 	= 0, we have
(a) εi(f˜ib) = εi(b)+ 1, ϕi(f˜ib) = ϕi(b)− 1 if i ∈ I re,
(b) εi(f˜ib) = εi(b), ϕi(f˜ib) = ϕi(b)− aii if i ∈ I im,
(vii) for any i ∈ I and b ∈ B such that ϕi(b) = −∞, we have e˜ib = f˜ib = 0.
Definition 1.2. Let B1 and B2 be crystals. A map ψ :B1 → B2 is a crystal morphism if it satisfies
the following properties:
(i) for b ∈ B1, we have
wt
(
ψ(b)
)= wt(b), εi(ψ(b))= εi(b), ϕi(ψ(b))= ϕi(b) for all i ∈ I,
(ii) for b ∈ B1 and i ∈ I with f˜ib ∈ B1, we have ψ(f˜ib) = f˜iψ(b).
Definition 1.3. Let ψ :B1 → B2 be a crystal morphism.
(a) ψ is called a strict morphism if
ψ(e˜ib) = e˜iψ(b), ψ(f˜ib) = f˜iψ(b) for all i ∈ I and b ∈ B1.
Here, we understand ψ(0) = 0.
(b) ψ is called an embedding if the underlying map ψ :B1 → B2 is injective.
We will often use the notation wti (b) = 〈hi,wt(b)〉 (i ∈ I, b ∈ B).
Example 1.4. Fix i ∈ I . For any u ∈ U−q (g), there exist unique v,w ∈ U−q (g) such that
eiu− uei = Kiv −K
−1
i w
qi − q−1i
.
We define the endomorphism e′i : U−q (g) → U−q (g) by e′i (u) = w. Then every u ∈ U−q (g) has a
unique i-string decomposition
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∑
k0
f
(k)
i uk, where e
′
iuk = 0 for all k  0,
where
f
(k)
i :=
{
f ki /[k]! if i is real,
f ki if i is imaginary.
The Kashiwara operators e˜i , f˜i (i ∈ I ) are then defined by
e˜iu =
∑
k1
f
(k−1)
i uk, f˜iu =
∑
k0
f
(k+1)
i uk.
Let A0 = {f/g ∈ Q(q); f,g ∈ Q[q], g(0) 	= 0} and let L(∞) be the A0-submodule of U−q (g)
generated by
{f˜i1 · · · f˜ir 1; r  0, ik ∈ I },
where 1 is the multiplicative identity in U−q (g). Then the set
B(∞) = {f˜i1 · · · f˜ir 1 + qL(∞); r  0, ik ∈ I} \ {0} ⊂ L(∞)/qL(∞)
becomes a crystal with the maps wt, e˜i , f˜i , εi , ϕi (i ∈ I ) defined by
wt(b) = −(αi1 + · · · + αir ) for b = f˜i1 · · · f˜ir 1 + qL(∞),
εi(b) =
{
max{k  0; e˜ki b 	= 0} for i ∈ I re,
0 for i ∈ I im,
ϕi(b) = εi(b)+ wti (b) (i ∈ I ).
Example 1.5. For each i ∈ I , let Bi = {bi(−n); n  0}. Then Bi is a crystal with the maps
defined by
wtbi(−n) = −nαi,
e˜ibi(−n) = bi(−n+ 1), f˜ibi(−n) = bi(−n− 1),
e˜j bi(−n) = f˜j bi(−n) = 0 if j 	= i,
εi
(
bi(−n)
)= n, ϕi(bi(−n))= −n if i ∈ I re,
εi
(
bi(−n)
)= 0, ϕi(bi(−n))= wti(bi(−n))= −naii if i ∈ I im,
εj
(
bi(−n)
)= ϕj (bi(−n))= −∞ if j 	= i.
Here, we understand bi(−n) = 0 for n < 0. The crystal Bi is called an elementary crystal.
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B1 ⊗B2 = {b1 ⊗ b2; b1 ∈ B1, b2 ∈ B2},
where the crystal structure is defined as follows: The maps wt, εi, ϕi are given by
wt(b ⊗ b′) = wt(b)+ wt(b′),
εi(b ⊗ b′) = max
(
εi(b), εi(b
′)− wti (b)
)
,
ϕi(b ⊗ b′) = max
(
ϕi(b)+ wti (b′), ϕi(b′)
)
.
For i ∈ I , we define
f˜i (b ⊗ b′) =
{
f˜ib ⊗ b′ if ϕi(b) > εi(b′),
b ⊗ f˜ib′ if ϕi(b) εi(b′).
For i ∈ I re, we define
e˜i (b ⊗ b′) =
{
e˜ib ⊗ b′ if ϕi(b) εi(b′),
b ⊗ e˜ib′ if ϕi(b) < εi(b′),
and, for i ∈ I im, we define
e˜i (b ⊗ b′) =
⎧⎨
⎩
e˜ib ⊗ b′ if ϕi(b) > εi(b′)− aii ,
0 if εi(b′) < ϕi(b) εi(b′)− aii ,
b ⊗ e˜ib′ if ϕi(b) εi(b′).
We recall the crystal embedding theorem proved in [5].
Theorem 1.6. (See [5].) For each i ∈ I , there exists a unique strict crystal embedding
Ψi : B(∞) → B(∞)⊗Bi
which sends 1 to 1 ⊗ bi(0).
As an application of the crystal embedding theorem, we obtain a characterization of the crystal
B(∞).
Theorem 1.7. (See [5].) Let B be a crystal. Suppose that B satisfies the following conditions:
(i) wt(B) ⊂ −Q+,
(ii) there exists an element b0 ∈ B such that wt(b0) = 0,
(iii) for any b ∈ B such that b 	= b0, there exists some i ∈ I such that e˜ib 	= 0,
(iv) for each i ∈ I , there exists a strict crystal embedding Ψi : B → B ⊗Bi .
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B
∼−→ B(∞),
which sends b0 to 1.
2. Quiver variety
Let (I,H) be a quiver with an orientation Ω . Namely, we have maps
out, in : H → I
and an involution − of H such that out(h) = in(h) for any h ∈ H . We assume that − does not
have a fixed point, and H = Ω unionsq Ω . If i = out(h) and j = in(h), then we say that h is an arrow
from i to j and write h: i → j . If h ∈ H satisfies out(h) = in(h), then we say that h is a loop.
We denote by H loop (resp. Ω loop and Ω loop) the set of all loops in H (resp. in Ω and in Ω). Let
cij denote the number of arrows in H from i to j , and define
aij =
{
2 − cii = 2 − (the number of loops at i in H) if i = j,
−cij = −(the number of arrows in H from i to j) if i 	= j.
Then A = (aij )i,j∈I becomes a symmetric even integral Borcherds–Cartan matrix.
For α ∈ Q+, let Vα =⊕i∈I Vi be an I -graded vector space with
dimVα :=
∑
i∈I
(dimVi)αi = α,
let GLα =∏i GL(Vi), and set
Xα =
⊕
h∈H
Hom(Vout(h),Vin(h)).
We introduce a symmetric bilinear form ( , ) on Q by the formula
(∑
dkαk,
∑
ejαj
)
=
∑
k
dkek.
Thus dimXα = ((2 Id −A) · α,α).
The symplectic form ω on Xα is given by
ω(B,B ′) =
∑
h
ε(h)Tr
(
BhB
′
h
)
,
where
ε(h) =
{1 if h ∈ Ω,
−1 if h ∈ Ω.
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μi(B) =
∑
h∈H
out(h)=i
ε(h)BhBh.
Let X◦α denote the set of B’s such that Bh is regular semisimple for all h ∈ Ω loop. Then X◦α is a
Zariski open subset of Xα . Let Nα be the variety consisting of all B = (Bh)h∈H ∈ Xα satisfying
the following three conditions:
(i) there exists an I -graded complete flag F = (F0 ⊂ F1 ⊂ F2 ⊂ · · ·) such that
Bh(Fk) ⊂ Fk for all h ∈ Ω loop, Bh(Fk) ⊂ Fk−1 for all h ∈ H \Ω loop,
(ii) μi(B) = 0 for all i ∈ I ,
(iii) B ∈ X◦α .
Then Nα is a Zariski closed subvariety of X◦α .
We first prove:
Lemma 2.1. The variety Nα is isotropic.
Proof. We first recall the following general fact. Let X be a smooth algebraic variety, Y a pro-
jective variety, and Z a smooth closed algebraic subvariety of X × Y . Consider the Lagrangian
variety Λ = T ∗Z(X×Y) and the projection map q :Λ∩ (T ∗X× T ∗Y Y ) → T ∗X. Then it is known
that the image of q is isotropic (e.g. see [10, Proposition 8.3]).
We apply this fact to the case where X = Mα := ∏h∈Ω Hom(Vout(h),Vin(h)), the moduli
space of representations of the quiver (I,Ω), Y = B, the variety of I -graded complete flags, and
Z = {((Bh)h∈Ω,F ) ∈ X × Y ; BhFk ⊂ Fk−1 for all k  0}.
Then
T ∗B = {(F,K); F ∈ B, K is an I -graded endomorphism of V
such that K(Fk) ⊂ Fk−1 for all k  0
}
,
T ∗Mα = Xα,
Λ =
{
(B,F,K); K =
∑
ε(h)BhBh,
BhFk ⊂ Fk−1, BhFk ⊂ Fk for all h ∈ Ω, k  0
}
and
Imq = {B = (Bh)h∈H ; there exists F ∈ B such that Bh(Fk) ⊂ Fk−1, Bh(Fk) ⊂ Fk
for all h ∈ Ω, k  0, μi(B) = 0 for all i ∈ I
}
.
Since our variety Nα is contained in Imq , which is isotropic, we are done. 
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case:
Lemma 2.2. For any l  1 and i ∈ I , the variety Nlαi is Lagrangian and irreducible.
Proof. We have to prove that Nlαi is irreducible and dim(Nlαi ) = 12 dim(Xα).
If i is a real vertex, then Nlαi = Xlαi = {pt}.
Assume now that i is an imaginary vertex and that cii = 2. Then Ω loopi = {h} and the moment
map condition (ii) implies [Bh,Bh] = 0. Note that |Ω loopi | = 12cii . Since Bh is regular semisimple
and Bh is nilpotent, Bh = 0. Therefore Nlαi  gl(l)reg, the set of regular semisimple elements of
gl(l). In particular, Nlαi is irreducible and of dimension l2 = 12 dimXlαi .
Finally, consider the case where cii > 2, let B be the flag variety of gl(l) and let
Y =
{(
(Bh,Bh)h∈Ω,b
); Bh ∈ breg, Bh ∈ n,
∑
h∈Ω
[Bh,Bh] = 0
}
,
where b is a Borel subalgebra containing all Bh, Bh’s, breg is the set of regular semisimple
elements in b and n = [b,b]. Set
Y ◦ = {((Bh,Bh)h∈Ω,b) ∈ Y ; Bh’s are regular nilpotent for all h ∈ Ω}.
Let π :Y → B be the natural projection. Because each Bh is regular simple, the map
ad(Bh) :n → n is invertible. Moreover, ad(Bh) sends regular nilpotent elements to them-
selves. It follows that Y ◦ is an open dense subset of Y and π−1(b) is a vector bundle
over (breg)cii/2 of rank (cii/2 − 1)dimn. Hence π−1(b) is irreducible and of dimension
1
2cii dimb + ( 12cii − 1)dimn = 12 (l2cii − l(l − 1)). Therefore, Y ◦ is irreducible, of dimension
1
2 (l
2cii − l(l − 1)) + dimB = 12 l2cii = 12 dimXlαi . Since there is a natural finite surjective map
Y → Nlαi whose restriction to Y ◦ is injective, Y ◦ can be regarded as an open dense subset of
Nlαi . Hence Nlαi is irreducible of dimension 12 dimXlαi as desired. 
Next, we introduce stratifications of Nα (one for each i ∈ I ) as follows. Fix i ∈ I and let t be
the number of loops at i in Ω . Let R = C〈x1, . . . , xt , y1, . . . , yt 〉 be the free associative algebra
generated by xi, yi (i = 1, . . . , t). Write Ω loopi = {σ1, . . . , σt }.
For B = (Bh)h∈H ∈ Nα and f ∈ R, we define
f (B) = f (Bσ1 , . . . ,Bσt ,Bσ1 , . . . ,Bσt ),
C〈B〉i =
{
f (B); f ∈ R},
εi(B) = codimVi
(
C〈B〉i ·
∑
h : j→i
j 	=i
ImBh
)
.
We put Nα,n,i = {B ∈ Nα; εi(B) = n}. It is clear that this defines a finite stratification Nα =⊔
n0 Nα,n,i into locally closed subsets.
We choose an identification Vi ∼−→ V ∗i and for B ∈ Xα , we define B∗ ∈ Xα by (B∗)h =
Bt :Vout(h) → Vin(h) for h ∈ H . The map B → B∗ defines an involution on Xα and Nα . Set
h
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(
C
〈
Bt
〉
i
·
∑
h : i→j
i 	=j
ImBth
)
= dim
⋂
h : i→j
i 	=j
Ker
(
Bh · C〈B〉i
)
.
Here Ker(Bh · C〈B〉i ) = {v ∈ Vi; Bh · C〈B〉iv = 0}. Let Irr Nα denote the set of all irreducible
components of Nα . Of course, the ∗-involution induces an involution on Irr Nα as well. It does
not depend on the choice of an isomorphism V  V ∗, because Nα is invariant by the action of
GLα .
For Λ ∈ Irr Nα , we define
εi(Λ) = εi(B), ε∗i (Λ) = ε∗i (B),
where B is a generic point of Λ. By the definition, Λ ⊂ Nα,n,i and Λ∩ Nα,n,i is dense in Λ if
and only if n = εi(Λ).
Lemma 2.3. The following statements hold.
(a) ε∗i (Λ) = εi(Λ∗) for all i ∈ I .
(b) If Λ ∈ Irr Nα and εi(Λ) = 0 for all i ∈ I , then α = 0 and Λ = 0.
(c) If Λ ∈ Irr Nα and ε∗i (Λ) = 0 for all i ∈ I , then α = 0 and Λ = 0.
Proof. Statement (a) is obvious from the definitions. By (a), statements (b) and (c) are equivalent.
We now prove (b). Let Λ be as in (b), and assume that α 	= 0. Let B ∈ Λ be a generic point, so that
εi(B) = 0 for all i. By condition (i), there exists an I -graded complete flag F = (F0 ⊂ F1 ⊂ · · · ⊂
Fd) such that Bh(Fk) ⊂ Fk for all h and k. In particular, Fd−1 is stable under all operators Bh.
Let i0 ∈ I be such that dim(Fd/Fd−1) = αi0 . We have C〈B〉i0 ·
∑
h : j→i0
j 	=i0
ImBh ⊂ Fd−1. But this
yields εi0(B) 1, which is a contradiction. 
3. Crystal structure
For i ∈ I , l ∈ N and α =∑diαi ∈ Q+, let
Eα;lαi =
{
(B,B ′,B ′′, φ′, φ); B ′ ∈ Nα,B ′′ ∈ Nlαi ,B ∈ Nα+lαi ,
0 −→ Vα φ−→ Vα+lαi φ
′−→ Vlαi −→ 0 is exact,
φ ◦B ′ = B ◦ φ, φ′ ◦B = B ′′ ◦ φ′}
be the space parametrizing the extensions of representations of the quiver (I,H). There are
canonical maps
Xα ×Xlαi p←− Eα;lαi q−→ Xα+lαi (3.1)
given by
p(B,B ′,B ′′, φ,φ′) = (B ′,B ′′), q(B,B ′,B ′′, φ,φ′) = B
1006 S.-J. Kang et al. / Advances in Mathematics 222 (2009) 996–1015and we may project further p1 :Eα;lαi −→ Xα . Put Nα;lαi = q−1(Nα+lαi ). Then the diagram
(3.1) restricts to
Nα × Nlαi Nα;lαi
p q
p1
Nα+lαi
Nα
(3.2)
Observe that p is not surjective in general. Indeed, if i ∈ I is imaginary and h ∈ Ω loop is an edge
loop at i, then for any (B,B ′,B ′′, φ,φ′) ∈ Nα;lαi , the operator Bh is regular semisimple, which
implies that the spectra of B ′h and B ′′h are disjoint. Let us denote by Nα ×reg Nlαi ⊂ Nα × Nlαi
the open subset of pairs (B ′,B ′′) for which the operators B ′h,B ′′h have disjoint spectra for any
edge loop h ∈ Ω loop at i.
For any n  0, we define Nα,n,i ×reg Nlαi to be the intersection of Nα ×reg Nlαi with
Nα,n,i × Nlαi . The locally closed subspace Nα,n,i;lαi of Nα;lαi is defined in a similar fashion.
That is, Nα,n,i;lαi = q−1(Nα+lαi ,n,i ). Finally, let Zα,lαi be the set of short exact sequences (of
I -graded vector spaces) 0 −→ Vα φ−→ Vα+lαi φ
′−→ Vlαi −→ 0. Note that GLα+lαi acts on Zα,lαi
transitively.
Proposition 3.1. The following statements hold:
(a) The restriction of q to Nα,l,i;lαi is a GLα × GLlαi -principal bundle.
(b) For α =∑k dkαk , the restriction of p to Nα,l,i;lαi factors as
Nα,l,i;lαi
p′−→ (Nα,0,i ×reg Nlαi )×Zα,lαi p
′′
−→ Nα,0,i ×reg Nlαi ,
where p′′ is the natural projection and p′ is an affine fibration of rank
r = l
(∑
j 	=i
cij dj + (cii − 1)di
)
= (lαi, (Id −A) · α).
Proof. By the definition, if (B,B ′,B ′′, φ,φ′) belongs to Nα,l,i;lαi , then there exists a unique B-
invariant submodule W ⊂ Vα+lαi such that dim(Vα+lαi /W) = lαi . Namely, W is the submodule
generated by
⊕
k 	=i Vk . This means that Im(φ) is uniquely determined, and thus φ,φ′ are also
determined up to a (free) GLα × GLlαi -action, which proves (a).
We turn to (b). The map p′ is given by (B,B ′,B ′′, φ,φ′) → ((B ′,B ′′), (φ,φ′)). Note that by
the above argument the image of p′ indeed lies in (Nα,0,i ×reg Nlαi ) × Zα,lαi . Now let us fix
(B ′,B ′′, φ,φ′), set W = φ(Vα) and choose a complement U to W in (Vα+lαi )i . Thus dim U = l
and dimWi = di . We identify Vlαi with U via φ′, and Vα with Im(φ) via φ. The fiber of p′
consists of operators B = (Bh)h ∈ Nα+lαi which restrict to B ′ on W and induces B ′′ on U . We
may write
⎧⎨
⎩
Bh = B ′h if out(h) 	= i,
Bh = B ′h + yh if out(h) = i, in(h) = j 	= i, where yh :U → (Vα)j ,
B = B ′ +B ′′ + z if out(h) = in(h) = i, where z :U → W.h h h h h
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(i) There exists a flag F = (F0 ⊂ F1 ⊂ F2 ⊂ · · ·) such that Bh(Fi) ⊂ Fi if h ∈ Ω loop and
B(Fi) ⊂ Fi−1 otherwise,
(ii) μk(B) = 0 for all k,
(iii) Bh is regular semisimple for h ∈ Ω loop.
The first condition is always satisfied: we may stack the flags F ′, F ′′ of B ′ and B ′′ together;
i.e., set Fn = F ′n for n dim(Vα) and Fdim(Vα)+m = Vα ⊕ F ′′m for m l. The third condition is
also always fulfilled because (B ′,B ′′) ∈ Nα ×reg Nlαi . It remains to verify the second condition,
which reduces to μi(B) = 0. At this point we distinguish two cases.
Case 1. The vertex i is real (i.e., cii = 0).
Since μi(B ′) = 0, the moment map condition μi(B) = 0 reads
0 =
∑
h : i→j
ε(h)
(
B ′
h
yh +B ′hB ′h
)= ∑
h : j→i
ε(h)B ′
h
yh. (3.3)
This implies Im(y :U →⊕h : i→j (Vα)j ) lies in the kernel of the map
∑
h : i→j
ε(h)B ′
h
:
⊕
(Vα)j → W.
But since B ′ ∈ Nα,i,0, we have
dim Im
( ∑
h : i→j
ε(h)B ′
h
)
= dim(Wi) = di
and hence
dim Ker
( ∑
h : i→j
ε(h)B ′
h
)
= dim
( ⊕
h : i→j
(Vα)j
)
− di =
∑
j 	=i
cij dj − di.
It follows that the fiber of p′ is an affine space of dimension l(
∑
j 	=i cij dj − di) as wanted.
Case 2. The vertex i is imaginary (i.e., cii > 0).
Since μi(B ′) = μi(B ′′) = 0, the moment map condition μi(B) = 0 reads
0 =
∑
h∈Ω loopi
([
B ′
h
,B ′h
]+ [B ′′
h
,B ′′h
]+ (zhB ′′h −B ′hzh)+ (B ′hzh − zhB ′′h
))
+
∑
h : i→j
j 	=i
ε(h)
(
B ′
h
yh +B ′hB ′h
)
=
∑
h : i→j
ε(h)
(
B ′
h
yh
)+ ∑
h∈Ω loopi
((
zhB
′′
h −B ′hzh
)+ (B ′
h
zh − zhB ′′h
))
. (3.4)j 	=i
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h
∈ End(U) and B ′
h
∈ End(W) have disjoint spectra, the map
Hom(U,W) → Hom(U,W), zh → B ′hzh − zhB ′′h
is invertible for all h ∈ Ω loopi . In particular, we may choose (yh)h, (zh)h arbitrarily as well as all
zh except for one, and uniquely solve (3.4) for that last zh. Thus the space of solutions to (3.4) is
of dimension l(
∑
j 	=i cij dj + (cii − 1)di), which completes the proof. 
Corollary 3.2. For any α ∈ Q+, the variety Nα is Lagrangian.
Proof. We argue by induction on α. The statement is true for α = lαi for some i ∈ I and l ∈ N
by Lemma 2.2. Now let α ∈ Q+ and let Λ be an irreducible component of Nα . By Lemma 2.3,
there exists i ∈ I such that εi(Λ) > 0. Set εi(Λ) = l. Thus Λ ∩ Nα,l,i is open and dense in Λ.
Put β = α − lαi and write β =∑k dkαk .
By Proposition 3.1 (a), q−1(Λ∩Nα,l,i ) is an irreducible component of Nβ,l,i;lαi of dimension
dimΛ + dim(GLβ × GLlαi ). Similarly, by Proposition 3.1 (b), p is a smooth map with fibers
Zβ,lαi ×Ar with r = (lαi, (Id−A) · β), and thus pq−1(Λ ∩ Nα,l,i ) is an irreducible component
of Nβ,0,i ×reg Nlαi of dimension
dimΛ+ dim(GLβ × GLlαi )− dimZβ,lαi − r = dimΛ+
(
lαi, (A− 2 Id) · β
)
. (3.5)
Recall that Nβ,0,i is open in Nβ . Hence, by the induction hypothesis, any irreducible component
of Nβ,0,i ×reg Nlαi is of dimension
1
2
(
β, (2 Id −A) · β)+ 1
2
(
lαi, (2 Id −A) · lαi
)
. (3.6)
Combining (3.5) and (3.6), we get the dimension formula dimΛ = 12 (α, (2 Id − A) · α) as
wanted. 
Corollary 3.3. For α ∈ Q+, i ∈ I and l ∈ N, there is a one-to-one correspondence between the
set of irreducible components of Nα satisfying εi(Λ) = l and the set of irreducible components
of Nα−lαi ,0,i .
Proof. By Proposition 3.1, the maps p and q in (3.1), when restricted to Nα,l,i;lαi , are locally
trivial, smooth and with connected fibers. It follows that there is a natural bijection between
the sets of irreducible components of Nα,l,i and Nα−lαi ,0,i ×reg Nlαi . By Lemma 2.2, Nlαi is
irreducible, and hence we obtain a bijection between the sets of irreducible components of Nα,l,i
and Nα−lαi ,0,i . By Corollary 3.2, any irreducible component of Nα is half dimensional and the
same is true for all irreducible components of Nα,l,i . It follows that the irreducible components of
Nα,l,i are precisely the intersections of Nα,l,i with the irreducible components of Nα satisfying
εi(Λ) = l, and we are done. 
Following [11] and [14], we will denote this one-to-one correspondence by Λ → e˜li (Λ), and
define the Kashiwara operators e˜i , f˜i on the set
⊔
Irr Nα ∪ {0} byα
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{
(e˜l−1i )−1 ◦ e˜li (Λ) if εi(Λ) = l > 0,
0 if εi(Λ) = 0,
f˜i(Λ) =
(
e˜l+1i
)−1 ◦ e˜li (Λ) if εi(Λ) = l. (3.7)
Recall that we have fixed an identification Vi ∼−→ V ∗i and defined
B∗ = (Bth)h∈H , ε∗i (B) = εi(B∗).
We set
f˜ ∗i = ∗ ◦ f˜i ◦ ∗, e˜∗i = ∗ ◦ e˜i ◦ ∗. (3.8)
The following Proposition is straightforward.
Proposition 3.4.
(a) For any Λ ∈ Irr Nα , we have
e˜i f˜i (Λ) = Λ, εi
(
f˜i (Λ)
)= εi(Λ)+ 1,
and if εi(Λ) > 0, then
f˜i e˜i (Λ) = Λ, εi
(
e˜i (Λ)
)= εi(Λ)− 1.
(b) For any Λ ∈ Irr Nα , we have
e˜∗i f˜ ∗i (Λ) = Λ, ε∗i
(
f˜ ∗i (Λ)
)= ε∗i (Λ)+ 1,
and if ε∗i (Λ) > 0, then
f˜ ∗i e˜∗i (Λ) = Λ, ε∗i
(
e˜∗i (Λ)
)= ε∗i (Λ)− 1.
Let
B =
∐
α∈Q+
B−α =
∐
α∈Q+
Irr Nα.
For Λ ∈ Irr Nα , we define
wt(Λ) = −α,
ε′i (Λ) =
{
εi(Λ) if i ∈ I re,
0 if i ∈ I im,
ϕi(Λ) =
〈
hi,wt(Λ)
〉+ ε′i (Λ).
Then using Proposition 3.4, we obtain:
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To finish this section, we introduce the following useful notation. Let Λ ∈ Irr Nα and put
l = εi(Λ). Let B be a generic element of Λ so that εi(B) = l. We define the element B ′ = e˜li (B)
as follows. Let W ⊂ Vi be the characteristic subspace
W = C〈B〉i ·
∑
h : j→i
j 	=i
ImBh.
It is of dimension di − l, where α =∑k dkαk . Then B ′ ∈ Nα−lαi is the restriction of B to the
subspace V ′ ⊂ V , where V ′j = Vj for j 	= i and V ′i = W . Moreover, it is a generic element of
e˜li (Λ). Of course, a similar definition can be given for e˜
∗
i as well.
4. Geometric construction of B(∞)
Fix i ∈ I and let Bi = {bi(−n); n 0} be the elementary crystal. We define a map Ψi : B →
B ⊗Bi by
Ψi(Λ) = e˜∗ci Λ⊗ bi(−c), (4.1)
where c = ε∗i (Λ).
Theorem 4.1. The map Ψi : B → B ⊗Bi is a strict crystal embedding.
Proof. It is clear that the underlying map is injective. We will prove
Ψi(e˜jΛ) = e˜jΨi(Λ) for all j ∈ I. (4.2)
We distinguish several cases. If i ∈ I re, then the proof of [11] goes through with no modifica-
tion. So we assume that i ∈ I im.
Case 1. i 	= j .
Since ε′j (bi(−c)) = −∞, the tensor product rule yields
e˜jΨi(Λ) = e˜j
(
e˜∗ci Λ⊗ bi(−c)
)= e˜j e˜∗ci Λ⊗ bi(−c).
On the other hand, we have
Ψi(e˜jΛ) = e˜∗di (e˜jΛ)⊗ bi(−d),
where d = ε∗i (e˜jΛ). Assume that e˜j (Λ) = 0; i.e., εj (Λ) = 0. We claim εj (e˜∗ci (Λ)) = 0 as well
so that e˜j (e˜∗ci (Λ)) = 0. Indeed, we have
Lemma 4.2. If i 	= j , then εj (e˜∗(Λ)) = εj (Λ) for every Λ.i
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let B ′ = p1q−1(B) be the corresponding generic point of e˜∗li (Λ) (see (3.2)). Then for any arrow
h ∈ H with in(h) 	= i, we have Im(Bh) = Im(B ′h). In particular,
C〈B〉j ·
∑
h : k→j
k 	=j
ImBh = C〈B ′〉j ·
∑
h : k→j
k 	=j
ImB ′h,
which gives the desired equality. 
Now assume that εj (Λ) > 0. To prove (4.2), thanks to the above lemma, we have only to show
that e˜j e˜∗ci (Λ) = e˜∗ci e˜j (Λ), which is a direct consequence of the following lemma.
Lemma 4.3. If i 	= j , then e˜j e˜∗i (Λ) = e˜∗i e˜j (Λ) for every Λ.
Proof. Put a = εj (Λ) = εj (e˜∗i (Λ)). It is enough to show that e˜aj e˜∗i (Λ) = e˜∗i e˜aj (Λ) for all Λ.
Indeed, we then have e˜a−1j e˜∗i e˜j (Λ) = e˜∗i e˜a−1j e˜j (Λ) = e˜∗i e˜aj (Λ) = e˜aj e˜∗i (Λ) = e˜a−1j e˜j e˜∗i (Λ) from
which we deduce e˜∗i e˜j (Λ) = e˜j e˜∗i (Λ). Similarly, it is enough to prove that e˜∗bi e˜aj (Λ) = e˜aj e˜∗bi (Λ),
where b = ε∗i (Λ) = ε∗i (e˜aj (Λ)). This can be done by chasing the diagram given in the following,
where B ∈ Λ is a generic point, σ = α − aαj , β = α − bαi , and the middle horizontal line (resp.
the middle vertical line) represents the short exact sequence defining e˜∗bi (Λ) (resp. e˜aj (Λ)).
0 0
0 Vbαi Vσ Im(Vσ → Vβ) 0
0 Vbαi Vα Vβ 0
Vaαj Vaαj
0 0
Note that Vβ and Vσ are uniquely determined by B , and that the right column and the top row
represent e˜aj e˜
∗b
i (Λ) and e˜
∗b
i e˜
a
j (Λ), respectively. 
Case 2. i = j .
Write
wt(Λ) = −α = −mαi −
∑
mkαk,k 	=i
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(
e˜∗ci (Λ)
)= −α + cαi = −(m− c)αi −∑
k 	=i
mkαk.
Thus
ϕi
(
e˜∗ci (Λ)
)= (m− c)(−aii)+∑
k 	=i
mk(−aik),
ε′i
(
bi(−c)
)= 0.
To prove our claim, we consider the following three cases:
(a) ϕi(e˜∗ci (Λ)) 0,
(b) 0 < ϕi(e˜∗ci (Λ))−aii ,
(c) −aii < ϕi(e˜∗ci (Λ)).
(a) The condition (a) implies that (m − c)(−aii) = 0 and mk(−aik) = 0 for all k 	= i. Hence
dimVk = 0 whenever there is an arrow h : i → k (k 	= i), which implies Bh = Bth = 0 for all
such h. Hence
c = ε∗i (Λ) = codimVi 0 = dimVi = m.
For similar dimension reasons, we have ε∗i (e˜i (Λ)) = c − 1. Moreover, for any l  1, our La-
grangian varieties decompose as
Nα−lαi  N(m−l)αi × Nα′ ,
where α′ =∑k 	=i mkαk . The Kashiwara operators e˜i , e˜∗i act on the first component of this decom-
position. By Lemma 2.2, we have Irr Nlαi = {pt} for all l, and it is clear that e˜∗i = e˜i : Irr Nlαi ∼−→
Irr N(l−1)αi for all l. In particular, e˜∗(c−1)i e˜i (Λ) = e˜∗ci (Λ) and therefore
e˜iΨi(Λ) = e˜i
(
e˜∗ci Λ⊗ bi(−c)
)= e˜∗ci Λ⊗ bi(−c + 1)
= e˜∗(c−1)i (e˜iΛ)⊗ bi(−c + 1) = Ψi(e˜iΛ),
which proves our claim in the case (a).
(b) In this case, we have aii < 0. We already know m c. The condition (b) implies
(m− c − 1)aii 
∑
k 	=i
mk(−aik) 0.
Since aii < 0, we must have m c + 1; i.e., m = c or c + 1.
If m = c + 1, we have mk = dimVk = 0 whenever aik 	= 0 (k 	= i), and hence
c = ε∗i (B) = codimVi C
〈
Bt
〉
i
∑
h : i→k, k 	=i
ImBth = codimVi 0 = m = c + 1,
which is a contradiction.
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h : i → k, k 	= i. Moreover, there exists k such that mk > 0 and aik 	= 0. We claim that under
these conditions εi(Λ) = 0. Indeed, since Bh = 0 for all h : i → k on Λ, which is coisotropic,
all Bh for h : k → i may be chosen arbitrarily. But because Bσ is regular semisimple for any
σ ∈ Ω loopi , for a generic B ∈ Λ, we can choose Bh such that C〈B〉i ImBh = Vi . It follows that
C〈B〉i ·
∑
h : k→i
k 	=i
ImBh = Vi
as wanted. Hence e˜i (Λ) = 0 and by the tensor product rule, we obtain
e˜iΨi(Λ) = e˜i
(
e˜∗ci Λ⊗ bi(−c)
)= 0 = Ψi(e˜iΛ).
(c) If m = c, the condition (c) implies there exists k 	= i such that mk > 0, aik 	= 0. By
the same argument in (b), one can deduce e˜iΛ = 0. On the other hand, since m = c, we have
dimi (e˜∗ci (Λ)) = 0 and therefore εi(e˜∗ci Λ) = 0, which implies e˜i (e˜∗ci Λ) = 0. Hence by the tensor
product rule, we have
e˜iΨi(Λ) = e˜i
(
e˜∗ci Λ⊗ bi(−c)
)= e˜i(e˜∗ci Λ)⊗ bi(−c)
= 0 ⊗ bi(−c) = 0 = Ψi(e˜iΛ).
Let us now assume that m > c. By the tensor product rule again, we have to prove that
e˜∗ci e˜i (Λ) = e˜i e˜∗ci (Λ) and ε∗i (e˜i (Λ)) = c. Let B be a generic element of Λ and let us consider the
characteristic spaces
W = C〈B〉i ·
∑
h : j→i
j 	=i
ImBh,
U =
⋂
h : i→j
j 	=i
Ker
(
Bh · C〈B〉i
)
.
Then we have dimU = ε∗i (B) = c and codimVi W = εi(B).
We first claim U ⊂ W . Let d = εi(Λ) and put B ′ = e˜di (B). The operator B ′ acts on the
subspace V ′ ⊂ V with V ′k = Vk for k 	= i and V ′i = W . Moreover B|V ′ = B ′ and B can be
viewed as a (generic) element in the fiber of {B ′} × Ndαi under the map B → (B|V ′ ,B|V/V ′).
Take σ ∈ Ω loopi so that Bσ is regular semisimple. Since Bσ preserves W , we may choose a
splitting Vi = W ⊕ T invariant under Bσ . Let {v1, . . . , vt } be the basis of T consisting of Bσ -
eigenvectors. Since we have assumed m> c, U 	= Vi , and there exists k 	= i such that aik 	= 0 and
Vk 	= {0}. Let h : i → k be an arrow in H . Since Bh|T :T → Vk may be chosen arbitrarily (see
the proof of Proposition 3.1), Bh(vl) 	= 0 (l = 1, . . . , t) for generic B . Hence U does not contain
v1, . . . , vt . Since U is invariant under Bσ , U ⊂ W .
By the above claim, we have d := εi(Λ) = εi(e˜∗ci (Λ)) and for a generic B ∈ Λ, B ′ :=
e˜di e˜
∗c
i (B) is the operator induced by B on the space
⊕
j 	=i Vj ⊕W/U . On the one hand, we have
ε∗(e˜i(Λ)) = dimU = c and εi(e˜∗ce˜i (Λ)) = εi(Λ)− 1. It is easy to see that B ′′ := e˜d−1e˜∗ce˜i (B)i i i i
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with the proof of Theorem 4.1. 
Now we obtain the main result of this paper.
Theorem 4.4. There exists a crystal isomorphism
B =
∐
α∈Q+
Irr Nα ∼−→ B(∞).
Proof. Our assertion follows from Theorem 1.7, Lemma 2.3, Theorem 3.5, and Theorem 4.1. 
Example 4.5. (a) Let (I,H) be the quiver with one vertex I = {i} and 2t loops in H . Thus
there are t loops in Ω and Ω , respectively, and the corresponding Borcherds–Cartan matrix is
A = (2 − 2t).
For l  1, let V = Cl be the I -graded vector space with dimV = lαi . By Lemma 2.2, the
variety Nlαi is irreducible and Lagrangian. Moreover, if B = (Bi,Bi)1it is a generic element
of Nlαi , then we have
εi(B) = codimVi 0 = l,
ε∗i (B) = εi
(
Bt
)= codimVi 0 = l.
Hence we have
Ψi
(
f˜ li 1
)= 1 ⊗ bi(−l),
and the crystal structure on B(∞) is given as follows:
1 i−→ f˜i1 = Nαi i−→ · · · i−→ f˜ li 1 = Nlαi i−→ · · · .
(b) Let (I,H) be a quiver, where I = {i, j} and H consists of two loops at i, one arrow
from i to j , and one arrow from j to i. Thus the corresponding Borcherds–Cartan matrix is
A = ( 0 −1−1 2 ). We choose an orientation Ω consisting of a loop at i and an arrow from i to j .
We will compute f˜j f˜ 2i 1. Let V = Vi ⊕ Vj = C2 ⊕ C be the I -graded vector space with
dimV = 2αi + αj , and let B = (B1,B1,B2,B2) be a generic element in N2αi+αj , where
B1,B1 : C2 → C2, B2 : C2 → C, B2 : C → C2 are the linear maps satisfying the conditions for
N2αi+αj . By applying the Kashiwara operators successively to 1, one can deduce that, for an
appropriate basis of V , B has the form
B = (B1,B1,B2,B2) =
(
0,
(
λ a
0 μ
)
,0,
(
x
y
))
,
where a,λ,μ,x, y ∈ C, λ 	= μ. Note that
S.-J. Kang et al. / Advances in Mathematics 222 (2009) 996–1015 1015εi(B) = codimVi C〈B1,B1〉i ImB2 = 0,
ε∗i (B) = εi
(
Bt
)= codimVi C〈Bt1,B1t 〉0 = 2,
εj (B) = codimVj ImB2 = codimVj 0 = 1,
ε∗j (B) = codimVj ImB2t = 0.
Hence we have
Ψi
(
f˜j f˜
2
i 1
)= e˜∗2i (f˜j f˜ 2i 1)⊗ bi(−2) = f˜j1 ⊗ bi(−2),
Ψj
(
f˜j f˜
2
i 1
)= f˜j f˜ 2i 1 ⊗ bj (0).
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